Abstract. Results on products of Schwartz distributions are obtained when they have coinciding point singularities and only sums of the products exist in the distribution space. These results follow the pattern of a well-know distributional product published by Jan Mikusiński in 1966, and are named Mikusiński type products. The formulas are derived as the distributions are embedded in Colombeau algebra of generalized functions. This algebra possesses optimal properties regarding the distributional multiplication, and its notion of "association" allows one to obtain the results in terms of distributions.
Introduction
The problem of multiplication of Schwartz distributions has been for a long time objective of many research studies. This is due to the large employment of distributions in the natural sciences and other mathematical fields, where products of distributions with coinciding singularities often appear. Starting with the historically first work of König [14] , various constructions of differential algebras that include distributions have been proposed by Berg [2] , Antonevich and Radyno [1] , Egorov [9] , and other authors.
In the last years, the associative differential algebra G of generalized functions of J.-F. Colombeau [4] became very popular in tackling distributional problems. The distributions are linearly embedded in G and the multiplication is compatible with the operations of differentiation and products with C ∞ -differentiable functions. Moreover, the "association" in G, being a faithful generalization of the equality of distributions in the space D (R m ), yields results in terms of distributions (and numerical factors). With applications in mind, this approach is followed here: we evaluate particular products of distributions with coinciding singularities -as embedded in Colombeau algebra -by their associated distributions.
Recall now the well-known result of Mikusiński published in [15] :
Though, neither of the products on the left-hand side here exists, their difference still has a correct meaning in D (R m ). Another formula of this type in dimension one -in a nonstandard approach to Distribution theory -was given in [17] :
(H is the Heaviside function and " * =" stands for the equality up to an infinitesimal quantity.)
Formulas of that type can be found in the mathematical and physical literature. We proposed the name "products of Mikusiński type" for such equations in previous papers [6] , [8] , where generalization of (2) and the basic Mikusiński formula (1) were derived in Colombeau algebra (see equations (9) and (11) below). In this paper, we continue the study in [6] and [7] obtaining further results on Mikusiński type products, or M-type products for short, in the algebra G(R). Some of the results are extended to the case of several variables as well. Singular products of piecewise differentiable functions with derivatives of the δ-function are also evaluated in G(R).
Fundamentals of Colombeau theory
We recall the basic definitions of Colombeau algebra of generalized functions. 
for 0 ≤ j ≤ q, where δ 00 = 1, δ 0j = 0 for j > 0}. This also extends to
R m →C that are infinitely differentiable, by a fixed "parameter" ϕ. The generalized functions of Colombeau are elements of the quotient algebra
Here E M [R m ] is the subalgebra of "moderate" functions such that for each compact subset K of R m and p ∈ N m 0 there is a q ∈ N such that, for each
In turn, the ideal
is the set of functions such that for each compact subset K of R m and any p ∈ N m 0 there is a q ∈ N such that, for
(The Landau symbol O(ε) stands for an arbitrary function of asymptotic order less or equal to that of ε, as ε→0 + .)
The algebra G contains the distributions on R m , canonically embedded as a C-vector subspace by the map i :
and ϕ is running the set A q (R m ). The equality in Colombeau algebra G is very strict, so the next weaker concept for "association" is introduced.
Definition 2. (a)
Two generalized functions f, g ∈ G are said to be asso-
These definitions are independent of the representative chosen. The distribution associated, if it exists, is unique. The image in G of every distribution is associated with the latter [4] , the association thus being a generalization of the equality of distributions in D (R m ). Now, we give this.
Definition 3. By product of some distributions in Colombeau algebra G, sometimes called "Colombeau product", is meant the product of their embeddings in G, whenever the result admits an associated distribution.
The following coherence result holds [16, Proposition 10.3] : If the regularized model product of two distributions exists, then their Colombeau product also exists and coincides with the former. On the other hand, in the general setting of Colombeau algebra G(R m ) [4] , as well as in the algebra G(R) on the real line, this assertion turns into an equivalence, according to a result by Jelínek [12] ; cf. also a recent study by Boie [3] . However, in the setting of algebra G(R m ) with parameter functions ϕ defined as m-fold tensor products, the Colombeau product extends the model product: simple examples of Colombeau products do not exist as model products [16] .
Preliminary results
We recall now several results that will be needed later. The ≈-association is consistent with the linear operations in Colombeau algebra, but it holds only the following "weak" version of the formula for partial derivatives
Lemma 1 ([6]). Let the embeddings of the distributions u, v and the distribution w satisfy u . v ≈ w. Then it holds
Note that, in general, only the sum on the left-hand side of (3) has an associated distribution, but not the individual summands in it; hence the name "weak". Clearly, this assertion extends to M-type products in G(R m ) as well. Notation 2. We denote the "normed" powers of the variable x ∈ R m for an arbitrary p ∈ N m 0 that are supported only in one quadrant of the Euclidean space R m by:
Denote further their "even" and "odd" compositions as: In dimension one, these notations correspond to the normed even and odd distributions |x| p and |x| p sgn x (x ∈ R, p ∈ N), as introduced in [10] .
Observe that ν p σ are indeed even and odd functions of x for σ = 0 or 1:
(with no number coefficients). With the above notation, it now holds the following.
Proposition 1 ([5]). For an arbitrary
We note that these equations are known in distribution theory but they have been only derived as regularized products in dimension one, using symmetric mollifiers.
Combining now equations (5) and taking into account Notation 2, we obtain for each p ∈ N m 0 : 
When p = 0 in equation (5), we obtain by Lemma 1:
Note that the first equation in (8) coincides with (2), but it was derived in [6] with no auxiliary requirements on the mollifiers, such as to be even functions as required in [17] . Furthermore, the next proposition directly generalizes the M-type products (8) for the distributions ν 
Accordingly, combining equations (9), we get for any p in N 0 :
We finally recall the generalization of basic Mikusiński equation (1) for arbitrary p, q ∈ N derived in [8] in Colombeau algebra of tempered generalized functions on R:
Further results on Mikusiński type distributional products
We now proceed to particular M-type products of the distributions ν p ± , ν p σ , and δ (p) (x) in Colombeau algebra. Applying first the weak rule (3) for differentiation of Colombeau products to equations (8), we get:
Differentiating then equations (7) and (9) for p = 1, according to that rule, and combining the results, we obtain:
Moreover, as shown by the next two propositions, the M-type products given by equations (12) and (13) 
. Then, we get on the change −x/ε = t and applying Taylor theorem:
It is taken into account here that, if supp
Denoting further
On a multiple integration by parts, the integrated term being zero each time, we calculate successively:
Replacing these latter terms in (16), we get
In view of equality (15), we finally write
Passing therefore to the limit, as ε→0 + , and applying Definition 2, we obtain the M-type product (14) for any p ∈ N. 
Proof. (17) is obtained on replacing x→ − x in (14) and taking into account that
Remark 2. Further extension of the results of Propositions 3-4 to the products ν p ± . δ (p+q) (x) for q = 3, 4, . . . or for arbitrary q ∈ N, is also possible (though more difficult) to prove, but the results are not M-type products any more: one gets for the balancing term not single product but a sum of such products.
Combining now equations (14), (17), we get this. 
We will now demonstrate that a class of M-type distributional products can be extended to the many-variable case. Namely, the following general assertion holds.
Proof. By the linearity of Definition 2, we have u i 
Singular products of piecewise differentiable functions
We first recall a result proved in [7] , starting with the following. 
